The Hilbert space dimension of a quantum system is the most basic quantifier of its information content. Lower bounds on the dimension can be certified in a device-independent way, based only on observed statistics. We highlight that some such "dimension witnesses" capture only the presence of systems of some dimension, which in a sense is trivial, not the capacity of performing information processing on them, which is the point of experimental efforts to control high-dimensional systems. In order to capture this aspect, we introduce the notion of irreducible dimension of a quantum behaviour. This dimension can be certified, and we provide a witness for irreducible dimension four.
I. INTRODUCTION
The Hilbert space dimension of a quantum system limits the amount of information that can be stored in it. The study of the power of fixed-dimensional systems is still topical today [1] [2] [3] , and several experimental groups are implementing high-dimensional encoding and decoding of information [4] [5] [6] . Thus, for the purposes of quantum information processing, a proper certification of dimension should capture the users' capacity of exploiting that dimensionality, not just the dimension that "is there" -after all, the simplest particle or a single mode of any field are already infinite-dimensional. To put it with another example: two qubits are a ququart, but merely using a source of qubits twice does not guarantee the ability of processing the information of a ququart.
The last decade has seen the rise of device-independent certification: some important properties of quantum devices can be assessed by looking only at the observed input-output statistics. A lower bound on the Hilbert space dimension can be certified in this way. Such device-independent dimension witnesses (DIDW) exist both as prepare-and-measure schemes [7, 8] and as Belltype schemes [3, [9] [10] [11] . But which notion of dimension do they capture?
In this paper, we first show that some existing DIDW unfortunately capture only the dimension that "is there". As such, they can certify high dimension while only sequential procedures are being implemented, like using a source of qubits several times and implementing classical feed-forward. Having brought this issue to the fore, we define the dimension irreducible under sequential operations, or simply irreducible dimension, that can be inferred from the available observations. Finally we introduce a witness of irreducible dimension four, that can be violated by a pair of ququarts and suitable measurements. This shows that one can obtain deviceindependent bounds for a notion of dimension more attuned to the needs of quantum information processing.
II. SEQUENTIAL VIOLATION OF DIMENSION WITNESSES
We focus on bipartite scenarios involving two noncommunicating parties, Alice and Bob. Alice's possible measurements are labeled by x ∈ X , and her outcomes a ∈ A. Bob's measurements are labeled by y ∈ Y, and his outcomes b ∈ B. Device-independent statements only rely on the family of probability distributions (the "behavior ") P = {P (a, b|x, y)|a ∈ A, b ∈ B, x ∈ X , y ∈ Y}.
As the title of the original paper goes, the family of inequalities derived by Collins, Gisin, Linden, Massar and Popescu (CGLMP) was meant to detect the nonlocality of high-dimensional quantum systems [12] . These inequalities, that have two inputs and d outputs for both parties (x, y ∈ {0, 1}, a, b ∈ {0, 1, 2, . . . , d−1}), are therefore natural candidates for dimension witnessing: indeed, the first example of a DIDW was based on CGLMP 3 [9] , and semi-device independent witnessing of dimensions up to 20 was reported using the CGLMP family [4] . The DIDW character of CGLMP 4 was studied more recently: it was found that a violation greater than I 4 = 0.315 lower-bounds the dimension of the measured system to entangled ququarts [13] .
One of the behaviors that exceeds the latter bound is P M ES4 obtained by taking the maximally entangled state (MES) of two ququarts |Φ 4 AB = 1 2 (|00 + |11 + |22 + |33 ) and performing the local projective measurement on the bases [14, 15] 
. Indeed, one would find I(P M ES4 ) ≈ 0.336 [13] .
Consider now the following encoding of a ququart into two qubits:
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If both Alice and Bob perform this encoding, it is well known that the MES is mapped to the product of two two-qubit MESs: |Φ 4 AB → |φ
(|00 + |11 ). But here, also the optimal measurement bases (1) and (2) factor as sequential measurements. For Alice's, Bob's being analog, it reads:
where
(|0 ±e iϕ |1 ) are the eigenstates of σ ϕ = cos ϕ σ x + sin ϕ σ y . Explicitly, this means that one can produce the behavior P M ES4 by the following sequential strategy:
1. The source sends out a pair of maximally entangled qubits. Given x, Alice measures her qubit in the basis |± 2αx ; given y, Bob measures his qubit in the basis |± 2βy .
2. Later, the source sends out a second pair of qubits. If Alice obtained the outcome + in her first measurement, she now measures the second qubit in the basis |± αx ; if she obtained −, in the basis |± αx+ π 2
. Bob follows the analog procedure.
In particular, one ends up certifying dimension four on both sides, where only a two-qubit source (admittedly used twice), single qubit local manipulations and classical feed-forward were implemented. For a sequential violation of the CGLMP inequality when the number of outcomes d that is a power of two, see also [16] . In SM I, we show that the qutrit dimension witness based on CGLMP 3 [9] may also be violated using solely two-qubit sources and sequential single-qubit measurements. Hoping to better capture the experimental effort in proper high dimensional quantum experiments rather than sequential procedures, we introduce the notion of dimension irreducible by sequential operations, or simply irreducible dimension, of a quantum behaviour; and we provide an example of a DIDW that certifies irreducible dimension four.
III. CORRELATIONS FROM SEQUENTIAL D-DIMENSIONAL SYSTEMS
Let us define a sequential d-dimensional model as consisting of:
• operations and measurements performed sequentially on each d-dimensional system, possibly feeding forward the measurement outcomes (sequentiality), and
• arbitrary local classical processing and shared randomness.
We then say that a behavior is sequential ddimensional compatible if it can be obtained with each involved party individually following a sequential ddimensional model. The set of sequential d-dimensional compatible behaviors can be seen to be the closure-underwiring [17, 18] of the set of d-dimensional quantum correlations [3, 19] . Unfortunately, few explicit sets are known to be closed under wiring, and in general it is not known how to characterize the closure-under-wiring of a given set [17, 18] .
The smallest d such that the behavior is sequentially dcompatible, is called the dimension irreducible by sequential operations, or simply the irreducible dimension of the behavior. Every behavior that can be simulated with classical resources, including those describing prepareand-measure schemes, has irreducible dimension 1. Just as for entanglement or nonlocality, nontrivial irreducible dimension must necessarily involve more than one party. The behavior P M ES4 has irreducible dimension 2.
Given the previous example, one may fear that any probability distribution can be achieved by combining sufficiently many sequential measurements on qubit systems, rendering irreducible dimension witnessing a somewhat trivial exercise also in the quantum case. Fortunately, this is not the case: there exist distributions that lower bound the dimension of the involved devices to more than two even when sequential strategies are considered.
IV. A QUANTUM BEHAVIOR WITH IRREDUCIBLE DIMENSION FOUR
A witness for irreducible dimension four must rule out sequential measurements on consecutive qubits and qutrits. We do not know how to express all of these constraints as a function of the observed probability distributions P (a, b|x, y) in simple terms. In order to construct an example, we notice that an entangled measurement, one whose eigenvectors are entangled states, cannot be sequential, since an entangled measurement cannot be achieved even with bidirectional classical communication. Besides, the minimal dimension to have entanglement is d = 4 (two qubits). Thus, certification of such a measurement guarantees that a four-dimensional non-sequential operation is performed.
The possibility of certifying entangled measurements was demonstrated in the entanglement-swapping configuration, i.e. in a tripartite scenario, either assuming knowledge of the dimensions [20] or in the fully deviceindependent setting [21] . Exploiting a recent result on self-testing [22] , we construct an explicit behavior for a bipartite scenario, such that one of Bob's measurements can be certified to be entangled.
Our behavior, denoted P BSM = {P (a, b|x, y) : a, b, x ∈ {0, 1, 2, 3} ; y ∈ {0, 1, 2, 3, 4}}, uses four measurements for Alice and five measurements for Bob, each having four possible outcomes. The entangled measurement will be y = 4. We need the other measurements to first establish that both Alice's and Bob's systems are composed of two subsystems in a local separable state, which cannot be assumed a priori in a device-independent setting.
Let us first leave y = 4 aside. The parties label each of the four-valued input and outcomes a, b, x, y ∈ {0, 1, 2, 3} as two bits:
(4) where P 2 √ 2 is the unique probability point that violates maximally the CHSH inequality, then the state shared between Alice and Bob is self-tested to the product |φ + A1B1 ⊗|φ + A2B2 of two maximally-entangled twoqubits states [22] . Thus (4) certifies that there are indeed two subsystems in a separable state, both on Alice's side (denoted A 1 and A 2 ) and on Bob's (B 1 and B 2 ). In this situation, if A 1 and A 2 are found entangled conditioned on the outcome of y = 4, then y = 4 must be an entangled measurement on B 1 and B 2 .
In order to test entanglement on Alice's side, we need suitable measurements, local on her subsystems -and we have got them already. Indeed, it is an important feature of self-testing that not only the state, but also the measurements on the subsystems are self-tested as the optimal measurements for |φ + to violate the CHSH inequality [22] . Thus we know that Alice's measurements are σ z ⊗ σ z , σ x ⊗ σ z , σ z ⊗ σ x and σ x ⊗ σ x , up to local isometries. Now we have a simple recipe to finish the construction of P BSM : for the measurement labelled y = 4 we choose the Bell-State Measurement (BSM) on B 1 and B 2 , which prepares A 1 and A 2 in states that violate CHSH maximally for those measurements of Alice. Thus we'll have
since, as explained in the Supplemental Material, one must use a different CHSH expression for each value of Bob's outcome b. All the details are given in SM II. In summary, if one observes P BSM defined by (4) and (5), then the density matrix and measurement operators are acting locally on C d with d ≥ 4, and the statistics cannot be reproduced by Alice and/or Bob sequentially measuring several smaller-dimensional (qubit or qutrit) sources in their respective labs. In short, the behavior P BSM has irreducible dimension greater than or equal to four.
V. A WITNESS OF IRREDUCIBLE DIMENSION FOUR
In the previous section, P BSM is just one behavior, i.e. a single point in probability space: as such, it will never be observed exactly. In order to have a robust witness of irreducible dimension four, we need to demonstrate that when the observed probability point is not exactly P BSM , one party is still performing an entangled measurement.
It is clear that there is a large room for robustness in the P (a, b|x, 4), i.e. in the choice of the entangled measurement itself: any behavior that shows a violation of CHSH (not necessarily maximal) for at least one value of b would do. It is less easy to relax the self-testing part (4), because one immediately loses the sharp conclusion on the existence of subsystems. In the absence of welldefined subsystems, the notion of entangled measurement becomes blurred.
In order to estimate the robustness of the criterion, we presume the existence of subsystems B 1 and B 2 on Bob's side and assume that the projectors of the first four measurements of Bob are of the form:
where {Π B1 b1|y1 } b1,y1=0,1 is a two outcome projective measurement on B 1 , {Π B2 b2|y2 } b2,y2=0,1 is a two outcome projective measurement on B 2 , and with c = 2c 1 + c 2 as before. Physically, this is equivalent to Bob measuring B 1 and B 2 independently and concatenating the two outcomes into one outcome string.
Under this assumption, we now demonstrate the robustness of the certification of entangled measurements and hence of irreducible dimension. For this, we make use of the SWAP technique [23, 24] . A so-called SWAP operator, defined in terms of the parties' measurements, is used to exchange a particular part of the measured system with an auxiliary system of trusted dimension. Any linear function of the resulting quantum state can then be bounded over all quantum realizations through the NPA hierarchy of semi-definite programming (SDP) [25] .
Here, we thus consider two external qubits registers for Bob together with two qubit SWAP operators [23] , each operator swapping subsystem B1, respectively B2, with one of the external qubit registers. The resulting double-SWAP operator on Bob's system can be expressed in terms of Bob's measurement operators Π B b|y as
and ⊕ is the sum modulo 2 (c.f. SM III).
We then estimate whether Bob's fifth measurement is entangled by computing
where |ϕ i = j (−1) ij |j ⊗ | i/2 ⊕ j are the four Bell states. This expression can be understood as fol- is to |ϕ i ϕ i |. In SM III we show that this fidelity is related to the fidelity of an entanglement swapping protocol that used Bob's last measurement to entangle two remote qubits; when F > 1/2 at least one of Bob's measurement operators must be entangled. This conclusion is contingent on the assumption (6) made on Bob's system, which ensures that the SWAP operator (7) factorises according to S = S I ⊗ S II where S I acts on B 1 and the auxiliary system B 1 and S II acts on B 2 and B 2 . An example showing the importance of this assumption for the presented argument is given in SM III.
To bound the quantity F over all possible quantum realizations which are compatible with some behavior P, we constructed an SDP matrix of size 390 × 390 corresponding to a relaxation of the Navascués-Pironio-Acín (NPA) hierarchy [25] . We then minimized F over all such matrices which are compatible with the chosen quantum behavior. For the sake of an example, let us consider the behavior obtained with a perfect implementation of the measurements on the tensor product of two two-qubit Werner states (V |φ
⊗2 , resulting in a noisy version of P BSM . We find F > 1/2 for V 0.987 (c.f. SM IV). The corresponding dual SDP program provides a certificate for this conclusion in the form of a bipartite Bell inequality. This conclusion is readily confirmed by computing the minimal fidelity F which is compatible with some violation of the inequality I (c.f. Figure  1 ).
VI. CONCLUSION
In this paper, we pointed out that some deviceindependent dimension witnesses can be violated with lower dimensional systems and sequential measurements on them. This somehow defeats the operational goal of these witnesses, which is not simply to prove that some dimensionality "is there", but rather to certify that one can do quantum information processing. The same concern should be raised also for non-DI dimension witnesses: for instance, the lower bounds of Ref. [26] are multiplicative for product correlations, so by just using a qubit source n times they certify dimension 2 n .
Then we showed that this obstacle can be overcome: it is possible to construct witnesses that capture a more appropriate notion of dimension, namely what we called the irreducible dimension of a quantum behavior. This solution was based on an example of entangled measurements certification. From now onwards, in the presence of a dimension witness, it will be important to check which irreducible dimension it certifies.
Some problems remain open. The robustness of our criterion was proved under some additional assumptions, because we have not found a way of identifying subsytems in a device-independent setting. Alternatively, one may think of approaches that are based on different criteria. It would also be interesting to investigate the case where the sequentiality assumption that we used here is removed. Ruling out that low-dimensional states and operations can be responsible for some observed behavior, independently of the way in which these resources are combined would then lead to witnessing behaviors with genuine dimension d. A similar problem in the context of entanglement theory with characterized devices was recently considered by Kraft et al. [27] . In the ideal case, this work can be made device-independent by using selftesting [28] . Independently of these questions, it would also be interesting to obtain a compact characterization of the statistics achievable with sequential measurements. This might provide an alternative approach to study the closure-under-wiring set of correlations. We will show how the qutrit dimension witness proposed in [9] can be violated using three pairs of maximally entangled qubits and sequential qubit measurements. We do so by first generating the statistics that violates the CGLMP 8 inequality, then locally coarse grain to three outcomes to test for the CGLMP 3 violation.
Using the standard binary encoding, the maximally entangled qu-8it can be factorised into 3 pairs of maximally entangled qubits:
The measurement bases of Alice and Bob will also factorise such that they can be done sequentially on the three qubits. Following the notation in the main text, the behavior P M ES8 can be produced by the following sequential strategy by Alice (Bob being the analog): the source sends out three pairs of maximally entangled qubits sequentially. , if the outcomes of her previous two measurements were "+, +", "+, −", "−, +" or "−, −" respectively.
The resultant eight outcome distribution can be coarse grained into a three outcome distribution by grouping the outcomes. It can be verified that under the relabeling 1, 4, 7 → 0 2, 5 → 1 0, 3, 6 → 2, one can achieve a violation of 0.2677 for the CGLMP-3 inequality. This violates the qutrit dimension witness based on the CGLMP-3 inequality [9] , I qubit ≤ ( (2) − 1)/2 ≈ 0.2071. We have also found more ad hoc points which violate the dimension witness, shown in Fig. 2.   FIG. 2. A slice of the 2-input, 3-outcome no signalling polytope. The vertical axis of this figure [9] is the amount of violation of the CGLMP3 inequality. The red curve is a qutrit DIDW: points above the curve can only be achieved using entangled quantum systems of dimension at least 3. Data points in blue are those that can be achieved using three pairs of entangled qubits.
Appendix B: Details on PBSM
In this appendix, we show the state and measurements to obtain P BSM . We may assume that Alice and Bob share two pairs of maximally entangled qubits in the form |ψ AB = |φ
. For the first four measurements x, y ∈ {0, 1, 2, 3}, Alice and Bob interpret the four inputs as two binary inputs for the two subsystems: x = 2x 1 +x 2 , y = 2y 1 + y 2 . The measurements they perform are as follows (for x i , y i ∈ {0, 1}):
the measurements corresponding to setting x i (y i ) being performed on system A i (B i ). The two binary outcomes combine to form a quarternary outcome via a = 2a 1 +a 2 , b = 2b 1 +b 2 . Overall, P (a, b|x, y) is given by Eq. (4) with
The last measurement of Bob, y = 4, is a Bell state measurement, corresponding to projection on the following basis:
With this choice, conditioned on the outcome b, the Bell expression S b that takes the value 2 √ 2 is:
Thus we obtain Eq.(5) where the P 2 √ 2,b have the same form as (B1), with
Appendix C: Entangled measurement and entanglement swapping
Here, we relate the figure of merit used in section V of the main text to the singlet fidelity of the state that can be created by using Bob's fifth measurement B 4 in an entanglement swapping experiment involving two singlet states. Since this fidelity can only be high if the applied measurement is entangled, this justifies the usage of the fidelity of the main text to detect the entangled character of Bob's measurement.
We consider a thought experiment involving our two parties together with two auxiliary maximally entangled twoqubit states |φ Fig. 3 . Giving the systems B = (B 1 , B 2 ) to Bob, we allow him to perform arbitrary operations between these two qubits and his system. He is not allowed to access systems C and D however. The idea is then to ask whether there is an operation that Bob can do on (B, B ), which necessarily results in the two qubits C and D being entangled. If this is the case, then he can perform entanglement swapping and this shows that Bob is able to perform an entangled measurement, i.e. a 4-dimensional non-sequential operation.
Concretely, we would like to let Bob apply his fifth measurement on the two auxiliary systems B 1 and B 2 . In order to allow for this, Bob first needs to swap the two auxiliary qubits with part of his internal system B (on which B 4 has a non-trivial action) [23] . As mentioned in the main text, the assumption (6) in the main text allows us to apply two independent qubit swaps S I and S II here, which swaps B 1 with part of B 1 and B 2 with part of B 2 respectively. To see this, we write the SWAP operator in Eq. (7) explicitly as S = (U I V I U I )(U II V II U II ) where 3 . Schematic of the thought experiment. Besides the measured system A and B, Bob also has access to two pairs of maximally entangled qubits |φ
After the SWAP operator S BB is applied (the red circles), the singlet fidelity of ρCD conditioned on the outcome of Bob's fifth measurement (the blue rectangle) is denoted as Fi. The average fidelity F = i PiFi is bounded through the NPA hierarchy.
Hence U I and V I can be viewed as operators on subsystem I and U II and V II as operators on subsystem II. The operator S thus factorises as promised.
To highlight the importance of this assumption, we note that in a situation in which the assumption is not met, the particular SWAP operator chosen here may lead to entanglement swapping when Bob's fourth measurement is separable across B 1 and B 2 . A simple example is the case when the measurements y = 0 and y = 3 are respectively σ z ⊗σ z and σ x ⊗σ x , with the encodings (0, 0) → 0, (0, 1) → 3, (1, 0) → 2, (1, 1) → 1, and (0, 0) → 0, (0, 1) → 1, (1, 0) → 3, (1, 1) → 2, for the outcomes. Using Eq. (7) as the SWAP operator will result in a fidelity F = 1 in Eq. (8) when the measurement y = 4 is σ z ⊗ σ x , which is not entangling.
Bob's measurement B 4 has four possible outcomes. The singlet fidelity of the state produced by the measurement operator corresponding to each outcome can be computed by using the appropriate reference state
where σ B CD = |ψ
is the initial state of the auxiliary systems. These fidelities include the probability that outcome i is produced:
is the probability of observing outcome i in this thought experiment and F i is the singlet fidelity of the (normalized) state produced by the measurement operator Π B i|4 . Since i P i = 1, the average singlet fidelity after entanglement swapping is then
This fidelity can only be larger than 1/2 if F i > 1/2 for at least one i. When this is the case, the measurement Π
is necessarily entangled. It is useful to note that the above expressions can be reduced through the relation F i =F i /4 with
Here, the fidelityF i can be interpreted as the overlap evaluated through the swap operator S BB between the tested measurement Π i|4 and a single maximally entangled state of two qubits. We then have F =
4
iF i , which is the figure of merit used in the main text.
Note that previous approaches certifying an entangled measurement relied on the tripartite entanglement swapping scenario [21] . Here, we certify the entangled nature of a measurement in a bipartite scenario.
Appendix D: Numerical study
As discussed in the main text, we consider the following semi-definite program:
where Γ = i G i x i is the NPA matrix [25] corresponding to a certain hierarchy level, h i (a, b|x, y) are constants, P (a, b|x, y) is the behavior under consideration, and f i are the coefficients defining the objective function (8) in terms of the moments x i . The behavior P (a, b|x, y) that we consider here are the ones obtained upon measuring two Werner states with visibility V , i.e. ρ = (V |φ
⊗2 with Alice's four measurements and Bob's five measurement that give rise to P BSM when V = 1. In Figure 4 , we show the result of this computation, i.e. the lower bound on F that can be certified from the quantum statistics as a function of the single-pair visibility V . The moment matrix that we used here is generated by the following 390 operators: }}, where a , b ∈ {0, 1, 2} and the kronecker product distributes over the sets, i.e. {x, y} ⊗ {z, w} = {x ⊗ z, x ⊗ w, y ⊗ z, y ⊗ w}.
Even though this study shows some resistance to noise (it tolerated a visibility drop of close to 1% for the considered settings), it remains sensitive to any change of statistics which cannot be attributed to a drop of visibility. In order to demonstrate that our conclusion is also robust to such changes, we extracted a Bell inequality from the SDP dual at V = 0.987. Interestingly, the inequality only involves three of Bob's settings (corresponding to his measurements 0, 3 and 4). Here is the Collins-Gisin table representation of this inequality [29] : 
This inequality constitutes a certificate that the statistics with this visibility are only compatible with F > 1/2. By its linearity, this Bell inequality also guarantees that any statistics achieving a larger or equal violation of the inequality must have F > 1/2 as well. This result is presented in Figure 1 
where I = abxy α abxy P (a, b|x, y) ≤ 0 is the considered Bell inequality and v its observed value.
